
École d’hiver du LMB 2024

Fonctions implicites et sous-varitétés de Rn
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1 Théorème des fonctions implicites

E”x´e›m¯p˜l´e : x2 + y2 = R2 `eṡfi˚t ˜l´e `gˇr`a¯p˛h`e `dffl’˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl y = h(x) ¯sfi˚iffl
y 6= 0, x = h(y) ¯sfi˚i‹n`o“nffl ; „a ˚r`e›m`a˚r`qfi˚u`eˇrffl `qfi˚u`e 2y = ∂

∂y
(x2 + y2 −R2).

L`affl ¯p˚r`eˇu‹vfle ¯sfi˚u˚i‹vˆa‹n˚t´e ¯sfi˚u˚i˚t `e›nffl ˜lˇi`g›n`eṡ `g«e”nffl«e˚r`a˜l´eṡ ˜l„`e›xṗ`oşfi˚i˚tˇi`o“nffl `d`e [1].
S̊u¯p¯p`oşfi`o“n¯s `qfi˚u`e n = p + m `a‹vfle´c p, m > 1, `eˇt ”n`o˘t´o“n¯s `d`a‹n¯s ˜l´affl ¯sfi˚u˚i˚t´e ˜l´eṡ

¯p`o˘i‹n˚tṡ `d`a‹n¯s Rn ¯p`a˚rffl (x, y), `o „u x = (x1, . . . , xp) ∈ Rp `eˇt y = (y1, . . . , ym) ∈
Rm.
Théorème 1 (des fonctions implicites). S̀o˘i˚t W ⊂ Rn ˚u‹nffl `o˘u‹vfleˇr˚t, `eˇt ¯sfi`o˘i˚t
F : W → Rm ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl `d`e `c¨l´a¯sfi¯sfi`e C(k), k > 1. S̊u¯p¯p`oşfi`o“n¯s `qfi˚u`e a =

(xa, ya) ∈ W `eṡfi˚t ˚t´e¨l `qfi˚u`e F (a) = 0 `eˇt dyF (a) =
(∂Fi

∂yj
(a)
)

`eṡfi˚t ˚i‹n‹vfleˇr¯sfi˚i˜b˝l´e
`d`a‹n¯s Mm(R). A˜l´o˘r¯s ˚i˜l `e›xˇi¯sfi˚t´e ˚u‹nffl `o˘u‹vfleˇr˚t U ⊂W `c´o“n˚t´e›n`a‹n˚t a, ˚u‹nffl `o˘u‹vfleˇr˚t
V ⊂ Rp `c´o“n˚t´e›n`a‹n˚t xa `eˇt ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl G : V → Rm `d`e `c¨l´a¯sfi¯sfi`e C(k) ˚t´e¨lṡ
`qfi˚u`e U ∩ F−1(0) = {

(
x, G(x)

)
: x ∈ V }.

Démonstration. Ǹo˘t´o“n¯s M = F−1(0). O”nffl ¯p˚r`oˆc«e`d`eˇr`affl ¯p`a˚rffl ˚rffl«e`cˇu˚r˚r`e›n`c´e `e›nffl
m.
• S̀o˘i˚t m = 1, `eˇt `a˜l´o˘r¯s F : W → R. P̀a˚rffl ˜l„˛h‹yṗ`o˘t‚hffl „e¯sfi`e ∂F

∂y
(xa, ya) 6= 0 ; `o“nffl

¯p`eˇu˚t `a`d‹m`eˇtˇtˇr`e `qfi˚uffl’`e¨l¨l´e `eṡfi˚t ¯p`oşfi˚i˚tˇi‹vfle. P̀a˚rffl `c´o“n˚tˇi‹n˚u˚i˚t«e, ˚i˜l `e›xˇi¯sfi˚t´e ˚u‹nffl `o˘u‹vfleˇr˚t
W1 ⊂ W ˚t´e¨l `qfi˚u`e ∂F

∂y
(b) > 0 ¯p`o˘u˚rffl ˚t´o˘u˚t b ∈ W1. O”nffl ¯p`eˇu˚t ¯sfi˚u¯p¯p`oşfi`eˇrffl

`qfi˚u`e W1 `c´o“n˚tˇi`e›n˚t ˜l„`e›n¯sfi`e›m˜b˝l´e V1× I `o „u V1 `eṡfi˚t ˚u‹nffl `o˘u‹vfleˇr˚t `c´o“n˚t´e›n`a‹n˚t xa `eˇt
I = [ya−ε, ya+ε] `a‹vfle´c ε > 0. P̀o˘u˚rffl ˚t´o˘u˚t x ∈ V1, ˜l´affl ˜f´o“n`cˇtˇi`o“nffl Fx : y 7→ F (x, y)

`eṡfi˚t `a˜l´o˘r¯s ¯sfi˚tˇr˚i`cˇt´e›m`e›n˚t `cˇr`o˘i¯sfi¯sfi`a‹n˚t´e ¯sfi˚u˚rffl I.
P̀a˚rffl ˜l„˛h‹yṗ`o˘t‚hffl „e¯sfi`e, F (xa, ya) = 0, `a˜l´o˘r¯s F (xa, ya +ε) > 0 `eˇt F (xa, ya−ε) <

0. P̀a˚rffl `c´o“n˚tˇi‹n˚u˚i˚t«e (¯sfi˚u˚rffl ˜l´eṡ `d˚r`o˘i˚t´eṡ y = ya + ε `eˇt y = ya − ε) `o“nffl ¯p`eˇu˚t
˚tˇr`o˘u‹vfleˇrffl ˚u‹nffl `o˘u‹vfleˇr˚t V ⊂ V1 ˚t´e¨l `qfi˚u`e F (x, ya + ε) > 0 `eˇt F (x, ya − ε) < 0
¯p`o˘u˚rffl ˚t´o˘u˚t x ∈ V . P̀a˚rffl ˜l´e ˚t‚hffl«e`o˘rffl „e”m`e `d`eṡ ”vˆa˜l´eˇu˚r¯s ˚i‹n˚t´eˇr‹mffl«e`d˚i`a˚i˚r`eṡ, ¯p`o˘u˚rffl ˚t´o˘u˚t
x ∈ V ˚i˜l `e›xˇi¯sfi˚t´e y ∈ I ˚t´e¨l `qfi˚u`e F (x, y) = 0. C`o“m‹m`e Fx `eṡfi˚t ¯sfi˚tˇr˚i`cˇt´e›m`e›n˚t
`cˇr`o˘i¯sfi¯sfi`a‹n˚t´e, `c´eˇtˇt´e ”vˆa˜l´eˇu˚rffl `eṡfi˚t ˚u‹n˚i`qfi˚u`e. O”nffl ”n`o˘t´e `c´e y ¯p`a˚rffl G(x), `e›nffl `o˝b˘t´e›n`a‹n˚t
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˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl G : V →
◦
I ⊂ R ( „a ”n`o˘t´eˇrffl `qfi˚u`e G(x) ”nffl’`eṡfi˚t ¯p`a¯s ˜l„˚u‹n`e `d`eṡ ˜bˆo˘r‹n`eṡ

`d`e I).
O”nffl ¯p`oşfi`e U = V ×

◦
I. P̀a˚rffl `c´o“n¯sfi˚tˇr˚u`cˇtˇi`o“nffl, M ∩ U = {

(
x, G(x)

)
: x ∈ V }.

• S̊u¯p¯p`oşfi`o“n¯s ”m`a˚i‹n˚t´e›n`a‹n˚t `qfi˚u`e m > 1 `eˇt ˜l´e ˚t‚hffl«e`o˘rffl „e”m`e `eˇt ”v«e˚r˚i˜fˇiffl«e ¯p`o˘u˚rffl
˚t´o˘u˚t´e `d˚i‹m`e›n¯sfi˚i`o“nffl ˚i‹n˜f«e˚r˚i`eˇu˚r`e „a m. P̀a˚rffl ˜l„˛h‹yṗ`o˘t‚hffl „e¯sfi`e, det dyF (a) 6= 0, `a˜l´o˘r¯s
`c‚h`a`qfi˚u`e ˜lˇi`g›n`e `c´o“n˚tˇi`e›n˚t `a˚uffl ”m`o˘i‹n¯s ˚u‹nffl «e˜l«e”m`e›n˚t ”n`o“nffl-”n˚u˜l, `eˇt ∂Fi

∂ym
(a) 6= 0 ¯p`o˘u˚rffl

˚u‹nffl `c´eˇr˚t´a˚i‹nffl i ; `o“nffl ¯p`eˇu˚t `a`d‹m`eˇtˇtˇr`e `qfi˚u`e i = m.
P̀o˘u˚rffl ˜l´affl ¯sfi˚u˚i˚t´e `o“nffl `a˚u˚r`affl ˜bfleṡfi`o˘i‹nffl `d`e ¯p˜lˇu¯s `d`e ”n`o˘t´a˚tˇi`o“n¯s. S̊iffl b = (x, y) ∈ Rn,

`o“nffl ”n`o˘t´eˇr`affl ỹ = (y1, . . . , ym−1) `eˇt b̃ = (x, ỹ).
L`affl ˜f´o“n`cˇtˇi`o“nffl Fm : W → R ”v«e˚r˚i˜fˇi`e ˜l´eṡ ˛h‹yṗ`o˘t‚hffl „e¯sfi`eṡ `d˚uffl ˚t‚hffl«e`o˘rffl „e”m`e `d`a‹n¯s

˜l´e `c´a¯s m = 1, `d`o“n`c ˚i˜l `e›xˇi¯sfi˚t´e ˚u‹nffl `o˘u‹vfleˇr˚t U1 `c´o“n˚t´e›n`a‹n˚t a, ˚u‹nffl `o˘u‹vfleˇr˚t
V1 ⊂ Rn−1 `c´o“n˚t´e›n`a‹n˚t ã `eˇt ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl h : V1 → R ˚t´e¨l¨l´e `qfi˚u`e U1∩F−1

m (0) =
{
(
x, ỹ, h(x, ỹ)

)
: (x, ỹ) ∈ V1}.

Ǹo˘t´o“n¯s Φi(x, ỹ) = Fi(x, ỹ, h(x, ỹ)) ¯p`o˘u˚rffl i = 1, . . . , m, (x, ỹ) ∈ V1. P̀a˚rffl
`c´o“n¯sfi˚tˇr˚u`cˇtˇi`o“nffl, `o“nffl `affl Φm ≡ 0. C`e¨l´affl `dffl«e˜fˇi‹n˚i˚t ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl Φ : V1 → Rm.
P̀o˘u˚rffl 1 6 j 6 m− 1 `eˇt 1 6 i 6 m, `e›nffl ˚t´o˘u˚t u ∈ V1

∂Φi

∂yj
(x, ỹ) = ∂Fi

∂yj

(
x, ỹ, h(x, ỹ)

)
+ ∂Fi

∂ym

(
x, ỹ, h(x, ỹ)

) ∂h

∂yj
(x, ỹ).

O”nffl ¯p`eˇu˚t ˚r`e›m`a˚r`qfi˚u`eˇrffl `qfi˚u`e ¯sfi˚iffl (x, ỹ) = ã, `a˜l´o˘r¯s (x, ỹ, h(x, ỹ)
)

= a. S̊iffl `o“nffl ”n`o˘t´e
¯p`a˚rffl ∂Φ

∂yj
`eˇt ∂F

∂yj
˜l´eṡ `c´o˝l´o“n‹n`eṡ `d`eṡ `dffl«e˚r˚i‹v«e`eṡ ˚r`eṡfi¯p`e´cˇtˇi‹vfleṡ `d`eṡ `c´oˆo˘r`d`o“n‹nffl«e`eṡ

i = 1, . . . , m, `o“nffl `affl `a˜l´o˘r¯s
∂Φ
∂yj

(ã) = ∂F

∂yj
(a) + ∂h

∂yj
(ã) ∂F

∂ym
(a),

∂h

∂yj
(ã) «e˚t´a‹n˚t ˚u‹nffl ¯sfi`c´a˜l´a˚i˚r`e. L`eṡ ”vfle´cˇt´eˇu˚r¯s

( ∂F

∂yj
(a)
)
, j = 1, . . . , m, ¯sfi`o“n˚t ˜l´eṡ

`c´o˝l´o“n‹n`eṡ `d`e ˜l´affl ”m`a˚tˇr˚i`c´e dyF (a) `eˇt ¯sfi`o“n˚t `d`o“n`c ˜lˇi˜b˘r`eṡ. L`eṡ ˚i`d`e›n˚tˇi˚t«e¯s `cˇiffl-
`d`eṡfi¯sfi˚u¯s ˚i‹m¯p˜lˇi`qfi˚u`e›n˚t `qfi˚u`e ˜l´eṡ ”vfle´cˇt´eˇu˚r¯s

( ∂Φ
∂yj

(ã)
)
, j = 1, . . . , m− 1, `eˇt ∂F

∂ym
(a)

`e›n`g´e›n`d˚r`e›n˚t ˜l´e ”mfflê”m`e `eṡfi¯p`a`c´e ”vfle´cˇt´o˘r˚i`e¨l (`d`e `d˚i‹m`e›n¯sfi˚i`o“nffl m), `d`o“n`c
( ∂Φ

∂yj
(ã)
)
,

j = 1, . . . , m− 1 ¯sfi`o“n˚t ”nffl«e`c´eṡfi¯sfi`a˚i˚r`e›m`e›n˚t ˜lˇi˜b˘r`eṡ.
S̀o˘i˚t Φ̃ : V1 → Rm−1 ˜l´affl ˜f´o“n`cˇtˇi`o“nffl «rffl«e`d˚u˚i˚t´e» (x, ỹ) 7→

(
Φ1(x, ỹ), . . . , Φm−1(x, ỹ)

).
A ˚r`a¯p¯p`e¨l´eˇrffl, Φm ≡ 0, `a˜l´o˘r¯s ∂Φ

∂yj
=
(

∂Φ̃
∂yj

0

)
¯p`o˘u˚rffl ˚t´o˘u˚t j, `c´e `qfi˚u˚iffl ˚i‹m¯p˜lˇi`qfi˚u`e

˜l„˚i‹n`dffl«e¯p`e›n`d`a‹n`c´e `d`eṡ ”vfle´cˇt´eˇu˚r¯s ∂Φ̃
∂yj

(ã), j = 1, . . . , m − 1 ; ˜l´affl ”m`a˚tˇr˚i`c´e dyΦ̃(ã)
`eṡfi˚t `d`o“n`c ˚i‹n‹vfleˇr¯sfi˚i˜b˝l´e.

P̀a˚rffl ˜l„˛h‹yṗ`o˘t‚hffl „e¯sfi`e `d`e ˚rffl«e`cˇu˚r˚r`e›n`c´e (`d`a‹n¯s ˜l´affl `d˚i‹m`e›n¯sfi˚i`o“nffl m− 1), ˚i˜l `e›xˇi¯sfi˚t´e
`d`eṡ `o˘u‹vfleˇr˚tṡ V2 ⊂ V1 ⊂ Rn−1, V ⊂ Rp `c´o“n˚t´e›n`a‹n˚t ã `eˇt xa ˚r`eṡfi¯p`e´cˇtˇi‹vfle›m`e›n˚t,
`eˇt ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl G̃ : V → Rm−1 ˚t´e¨lṡ `qfi˚u`e V2 ∩ Φ̃−1(0) = {(x, G̃(x)) : x ∈ V }.
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O”nffl ¯p`oşfi`e ˜fˇi‹n`a˜l´e›m`e›n˚t U = (V2 × R) ∩ U1 `eˇt G(x) =
(
G̃(x), h(x, G̃(x)

).
C`eˇtˇt´e ˜f´o“n`cˇtˇi`o“nffl `eṡfi˚t ˜b˘i`e›nffl `dffl«e˜fˇi‹n˚i`e `c´a˚rffl (x, G̃(x)) ∈ V2 ⊂ V1, `eˇt `c´e `d`eˇr‹n˚i`eˇrffl
`eṡfi˚t ˜l´e `d`o“m`a˚i‹n`e `d`e `dffl«e˜fˇi‹n˚i˚tˇi`o“nffl `d`e h. O”nffl `affl «e”v˘i`d`e›m‹m`e›n˚t F (x, G(x)) = 0. D`e
˜l„`a˚u˚tˇr`e `cô˚t«e, ¯sfi˚iffl (x, y) ∈ U `eˇt F (x, y) = 0, `a˜l´o˘r¯s `e›nffl ¯p`a˚r˚tˇi`cˇu˜lˇi`eˇrffl Fm(x, y) = 0.
C`o“m‹m`e U ⊂ U1, `o“nffl `affl ym = h(x, ỹ). E”n¯sfi˚u˚i˚t´e F (x, y) = F (x, ỹ, h(x, ỹ)) =
Φ(x, ỹ), `d`o“n`c Φ̃(x, ỹ) = 0. C`o“m‹m`e (x, ỹ) ∈ V2, `o“nffl `affl ỹ = G̃(x). O”nffl ¯p`eˇu˚t
`a˜l´o˘r¯s `c´o“n`c¨lˇu˚r`e `qfi˚u`e y = G(x).
• L`affl `c´o“n˚tˇi‹n˚u˚i˚t«e `eˇt ˜l´affl `dffl«e˚r˚i‹vˆa˜b˘i˜lˇi˚t«e `d`e G ¯sfi`o“n˚t `a`d‹m˚i¯sfi`eṡ.
O”nffl ¯p`eˇu˚t `c´a˜l´cˇu˜l´eˇrffl ˜l´affl `dffl«e˚r˚i‹v«e`e / `d˚i˜f¨f«e˚r`e›n˚tˇi`e¨l¨l´e `d`e ˜l´affl ˜f´o“n`cˇtˇi`o“nffl ˚i‹m¯p˜lˇi`cˇi˚t´e :

F
(
x, G(x)

)
≡ 0 `d`a‹n¯s V ˚i‹m¯p˜lˇi`qfi˚u`e `qfi˚u`e ¯p`o˘u˚rffl ˚t´o˘u˚t i, j

0 = ∂Fi

∂xj

(
x, G(x)

)
+

m∑
l=1

∂Fi

∂yl

(
x, G(x)

)∂Gl

∂xj
(x),

`o˘uffl, `e›nffl ˜f´o˘r‹m`e ”m`a˚tˇr˚i`cˇi`e¨l¨l´e,
−dxF

(
x, G(x)

)
= dyF

(
x, G(x)

)
dG(x),

`dffl’`o „u
dG(x) = −

(
dyF

(
x, G(x)

))−1
dxF

(
x, G(x)

)
.

S̊iffl x = xa, `o“nffl `affl (x, G(x)) = a `eˇt `a˜l´o˘r¯s
dG(xa) = −

(
dyF (a)

)−1
dxF (a).

I˜l `eṡfi˚t `d`o“n`c ¯p`oşfi¯sfi˚i˜b˝l´e `d`e `c´a˜l´cˇu˜l´eˇrffl ˜l´affl `d˚i˜f¨f«e˚r`e›n˚tˇi`e¨l¨l´e `d`e G `e›nffl a ¯sfi`a‹n¯s `c´o“n‹n`a˚i˚tˇr`e
˜l´affl ˜f´o“n`cˇtˇi`o“nffl G `e¨l¨l´e-”mfflê”m`e.
Exemple 2. L’«e`qfi˚u`a˚tˇi`o“nffl u3 − 2u2x + uxy − 2 = 0 `dffl«e˜fˇi‹n˚i˚t ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl
˚i‹m¯p˜lˇi`cˇi˚t´e u(x, y) `d`a‹n¯s ˚u‹nffl ”vˆo˘i¯sfi˚i‹n`a`g´e `d`e (1, 1) `a‹vfle´c u(1, 1) = 2, `c´a˚rffl ∂

∂u
(u3−

2u2x + uxy − 2) = 3u2 − 4ux + xy ”vˆa˚u˚t 5 6= 0 `e›nffl (1, 1, 2). L`eṡ `dffl«e˚r˚i‹v«e`eṡ
¯p`a˚r˚tˇi`e¨l¨l´eṡ `d`e `c´eˇtˇt´e ˜f´o“n`cˇtˇi`o“nffl ¯sfi`o“n˚t :

∂u

∂x
(1, 1) = −

(∂F

∂u
(1, 1, 2)

)−1 ∂F

∂x
(1, 1, 2) = −1

5(−2u2 + uy)|(1,1,2) = 6
5 ,

∂u

∂y
(1, 1) = −

(∂F

∂u
(1, 1, 2)

)−1 ∂F

∂y
(1, 1, 2) = −1

5(ux)|(1,1,2) = −2
5 .

O”nffl ¯p`eˇu˚t `d`o“n`c «e`cˇr˚i˚r`e ¯sfi`affl ˜f´o˘r‹m`e `a¯p¯p˚r`oˆc‚hffl«e`e, ¯p`a˚rffl ˜l´affl ˜f´o˘r‹m˚u˜l´e `d`e T`a‹y¨l´o˘rffl :

u(x, y) = 2 + 6
5(x− 1)− 2

5(y − 1) + o
(
‖(x− 1, y − 1)‖

)
.

Corollaire 3. S̀o˘i˚t U ⊂ Rn ˚u‹nffl `o˘u‹vfleˇr˚t `eˇt f : U → Rn ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl `d`e
`c¨l´a¯sfi¯sfi`e C(k) ˚t´e¨l¨l´e `qfi˚u`e df(a) `eṡfi˚t ˚i‹n‹vfleˇr¯sfi˚i˜b˝l´e. I˜l `e›xˇi¯sfi˚t´e `a˜l´o˘r¯s ˚u‹nffl `o˘u‹vfleˇr˚t
W ⊂ U `c´o“n˚t´e›n`a‹n˚t a `eˇt ˚u‹nffl `o˘u‹vfleˇr˚t V `c´o“n˚t´e›n`a‹n˚t f(a) ˚t´e¨lṡ `qfi˚u`e f : W → V

`eṡfi˚t ˚u‹nffl `d˚i˜f¨f«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e `d`e `c¨l´a¯sfi¯sfi`e C(k).
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Démonstration. P̀o˘u˚rffl y, x ∈ Rn `a‹vfle´c x ∈ U `o“nffl ¯p`eˇu˚t ¯p`oşfi`eˇrffl F (y, x) =
y−f(x), `d`e Rn×U ⊂ R2n `d`a‹n¯s Rn. O”nffl `affl dxF (y, a) = −df(a) `qfi˚u`e¨l `qfi˚u`e ¯sfi`o˘i˚t
y. C`eˇtˇt´e ”m`a˚tˇr˚i`c´e `eṡfi˚t ˚i‹n‹vfleˇr¯sfi˚i˜b˝l´e `eˇt F (f(a), a) = 0, `a˜l´o˘r¯s ¯p`a˚rffl ˜l´e ˚t‚hffl«e`o˘rffl „e”m`e
`d`eṡ ˜f´o“n`cˇtˇi`o“n¯s ˚i‹m¯p˜lˇi`cˇi˚t´eṡ ˚i˜l `e›xˇi¯sfi˚t´e›n˚t ˚u‹nffl `o˘u‹vfleˇr˚t U1 ⊂ Rn × U `c´o“n˚t´e›n`a‹n˚t
(f(a), a), ˚u‹nffl `o˘u‹vfleˇr˚t V ⊂ Rn `c´o“n˚t´e›n`a‹n˚t f(a) `eˇt ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl G : V → Rn

`d`e `c¨l´a¯sfi¯sfi`e C(k) ˚t´e¨l¨l´e `qfi˚u`e U1 ∩ F−1(0) = {(y, G(y)) : y ∈ V }. O”nffl ¯p`oşfi`e
W = G(V ).

P̀o˘u˚rffl ˚t´o˘u˚t y ∈ V `o“nffl `affl `d`o“n`c F (y, G(y)) = 0, `c’`eṡfi˚t- „a-`d˚i˚r`e y = f(G(y)).
R«e`cˇi¯p˚r`oˆqfi˚u`e›m`e›n˚t, ¯sfi˚iffl x = G(y) ∈ W , `a˜l´o˘r¯s F (y, x) = 0, `dffl’`o „u y = f(x) `eˇt
x = G(f(x)). L`affl ˜f´o“n`cˇtˇi`o“nffl G `eṡfi˚t `d`o“n`c ˜l„˚i‹n‹vfleˇr¯sfi`e `d`e f `eˇt `d`e `c¨l´a¯sfi¯sfi`e C(k),
`c´e `qfi˚u˚iffl ˚t´eˇr‹m˚i‹n`e ˜l´affl ¯p˚r`eˇu‹vfle.

2 Sous-variétés de Rn

L`eṡ «e”n`o“n`c«e¯s `eˇt ˜l´eṡ `dffl«e˜fˇi‹n˚i˚tˇi`o“n¯s `d`e `c´eˇtˇt´e ¯sfi`e´cˇtˇi`o“nffl ¯sfi˚u˚i‹vfle›n˚t [2]. D`a‹n¯s ˜l´affl
`dffl«e˜fˇi‹n˚i˚tˇi`o“nffl `eˇt `d`a‹n¯s ˜l´e ˚t‚hffl«e`o˘rffl „e”m`e ˚i˜l ˜f´a˚u˚t `c´o“m¯p˚r`e›n`d˚r`e «d˚i˜f¨f«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e»
`eˇt «lˇi¯sfi¯sfi`e» `d`a‹n¯s ˜l´e ¯sfi`e›n¯s «d`e `c¨l´a¯sfi¯sfi`e C(k)», `o „u k (`qfi˚u˚iffl ¯p`eˇu˚t ê˚tˇr`e ˚i‹n˜fˇi‹n˚iffl)
`eṡfi˚t ˜l´e ”mfflê”m`e `d`a‹n¯s ˚t´o˘u˚t´eṡ ˜l´eṡ `a¯sfi¯sfi`eˇr˚tˇi`o“n¯s. D`o“n`c ¯sfi˚tˇr˚i`cˇt´e›m`e›n˚t `d˚i˚t, `o“nffl ¯p`a˚r˜l´e
˚t´o˘u¯j´o˘u˚r¯s `dffl’˚u‹n`e «sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d`e `c¨l´a¯sfi¯sfi`e C(k)» `e›nffl ¯p˚rffl«e`cˇi¯sfi`a‹n˚t ˜l´e k ¯sfi˚iffl ˜bfleṡfi`o˘i‹nffl.

Définition 4. U”n`e ¯p`a˚r˚tˇi`e M ⊂ Rn `eṡfi˚t ˚u‹n`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d`e `d˚i‹m`e›n¯sfi˚i`o“nffl p

`d`e Rn ¯sfi˚iffl ¯p`o˘u˚rffl ˚t´o˘u˚t a ∈M ˚i˜l `e›xˇi¯sfi˚t´e `d`eṡ ”vˆo˘i¯sfi˚i‹n`a`g´eṡ `o˘u‹vfleˇr˚tṡ U `d`e a `eˇt V

`d`e 0 `eˇt ˚u‹nffl `d˚i˜f¨f«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e f : U → V ˚t´e¨lṡ `qfi˚u`e f(U ∩M) = V ∩(Rp×{0}).

C`eˇtˇt´e `dffl«e˜fˇi‹n˚i˚tˇi`o“nffl ”nffl’`eṡfi˚t ¯p`a¯s ˜l´affl ¯p˜lˇu¯s ˚i‹n˚tˇu˚i˚tˇi‹vfle `d`a‹n¯s ˜l´e `c´a¯s `d`e Rn, ”m`a˚i¯s
`e¨l¨l´e `c´o˘r˚r`eṡfi¯p`o“n`dffl „a ˜l´affl ”n`o˘tˇi`o“nffl `g«e”nffl«e˚r`a˜l´e `dffl’˚u‹n`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d˚i˜f¨f«e˚r`e›n˚tˇi`e¨l¨l´e.

Exemple 5. S̊iffl M = {(x, y) ∈ R2 : x2 + y2 = 1}, ¯sfi˚u˚rffl U = {(x, y) : y > 0}
`o“nffl ¯p`eˇu˚t ¯p`oşfi`eˇrffl f(x, y) = (x, x2 + y2 − 1). O”nffl `o˝b˘tˇi`e›n˚t V = {(x, z) ∈ R2 :
z > x2 − 1}, `c´e `qfi˚u˚iffl ¯sfi`e ”v«e˚r˚i˜fˇi`e ¯p`a˚rffl `e›x´e›m¯p˜l´e `e›nffl `dffl«e˜fˇi‹n˚i¯sfi¯sfi`a‹n˚t ˜l´affl ˜f´o“n`cˇtˇi`o“nffl
˚i‹n‹vfleˇr¯sfi`e f−1(x, z) = (x,

√
z + 1− x2). C`eṡ U, V, f ”vˆa˜l´e›n˚t ¯p`o˘u˚rffl y > 0 ; ¯p`o˘u˚rffl

˜l´eṡ `a˚u˚tˇr`eṡ ¯p`o˘i‹n˚tṡ `d`e M `o“nffl `c´o“n¯sfi˚tˇr˚u˚i˚t `d`eṡ ˜f´o“n`cˇtˇi`o“n¯s ¯sfi˚i‹m˚i˜l´a˚i˚r`eṡ.

Théorème 6. S̀o˘i˚t M ˚u‹n`e ¯p`a˚r˚tˇi`e `d`e Rn. L`eṡ ¯p˚r`op̧˚r˚iffl«e˚t«e¯s ¯sfi˚u˚i‹vˆa‹n˚t´eṡ ¯sfi`o“n˚t
«e`qfi˚u˚i‹vˆa˜l´e›n˚t´eṡ :

1. M `eṡfi˚t ˚u‹n`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d`e `d˚i‹m`e›n¯sfi˚i`o“nffl p `d`e Rn ;
2. P̀o˘u˚rffl ˚t´o˘u˚t a ∈ M ˚i˜l `e›xˇi¯sfi˚t´e ˚u‹nffl `o˘u‹vfleˇr˚t U `c´o“n˚t´e›n`a‹n˚t a `eˇt ˚u‹n`e

¯sfi˚u˜b“m`eˇr¯sfi˚i`o“nffl g : U → Rn−p (`c. „a.`dffl. ˜l´e ˚r`a‹n`g `d`e dg(u) `eṡfi˚t n− p ¯p`o˘u˚rffl
˚t´o˘u˚t u ∈ U ) ˚t´e¨l¨l´e `qfi˚u`e U ∩M = g−1(0) ;

3. P̀o˘u˚rffl ˚t´o˘u˚t a ∈M ˚i˜l `e›xˇi¯sfi˚t´e ˚u‹n`e `o˘u‹vfleˇr˚t U `c´o“n˚t´e›n`a‹n˚t a, ˚u‹nffl `o˘u‹vfleˇr˚t
Ω ⊂ Rp `c´o“n˚t´e›n`a‹n˚t 0 `eˇt ˚u‹n`e `a¯p¯p˜lˇi`c´a˚tˇi`o“nffl h : Ω → Rn `qfi˚u˚iffl `eṡfi˚t „a ˜l´affl
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˜f´o˘i¯s ˚i‹m‹m`eˇr¯sfi˚i`o“nffl (`c. „a.`dffl. dh(x) `eṡfi˚t ˚i‹n¯j´e´cˇtˇi‹vfle ¯p`o˘u˚rffl ˚t´o˘u˚t x ∈ Ω) `eˇt ˚u‹nffl
˛h`o“mffl«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e `d`e Ω ¯sfi˚u˚rffl U ∩M ;

4. P̀o˘u˚rffl ˚t´o˘u˚t a ∈M ˚i˜l `e›xˇi¯sfi˚t´e ˚u‹nffl `o˘u‹vfleˇr˚t U `c´o“n˚t´e›n`a‹n˚t a, ˚u‹nffl `o˘u‹vfleˇr˚t
V ⊂ Rp `c´o“n˚t´e›n`a‹n˚t (a1, . . . , ap) `eˇt ˚u‹n`e `a¯p¯p˜lˇi`c´a˚tˇi`o“nffl ˜lˇi¯sfi¯sfi`e G : V →
Rn−p ˚t´e¨lṡ `qfi˚u`e, `a¯p˚rffl „e¯s ¯p`eˇr‹m˚u˚t´a˚tˇi`o“nffl «e”vfle›n˚tˇu`e¨l¨l´e `d`eṡ `c´oˆo˘r`d`o“n‹nffl«e`eṡ, U ∩
M ¯sfi`o˘i˚t «e`g´a˜l `a˚uffl `gˇr`a¯p˛h`e `d`e G.

Démonstration. O”nffl ”n`o˘t´e m = n− p.
1 =⇒ 2 P̀o˘u˚rffl a ∈ M ¯sfi`o˘i`e›n˚t U, V, f `d`o“n‹nffl«e¯s ¯p`a˚rffl (1). O”nffl `g´a˚r`d`e

˜l„`o˘u‹vfleˇr˚t U `eˇt `o“nffl ¯p`oşfi`e g(u) =
(
f (p+1)(u), . . . , f (n)(u)

)
∈ Rm ¯p`o˘u˚rffl u ∈ U .

«E”v˘i`d`e›m‹m`e›n˚t g(u) = 0 ¯sfi˚iffl u ∈ U ∩ M . R«e`cˇi¯p˚r`oˆqfi˚u`e›m`e›n˚t, ¯sfi˚iffl g(u) = 0,
`a˜l´o˘r¯s f(u) ∈ V ∩ (Rp × {0}), `d`o“n`c ˚i˜l `e›xˇi¯sfi˚t´e v ∈ U ∩M ˚t´e¨l `qfi˚u`e f(u) =
f(v). P̀a˚rffl ˜l„˛h‹yṗ`o˘t‚hffl „e¯sfi`e f `eṡfi˚t ˚u‹nffl `d˚i˜f¨f«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e `d`o“n`c u = v, `eˇt `o“nffl
`c´o“n`c¨lˇu˚t `qfi˚u`e g−1(0) = U ∩M . L`affl ”m`a˚tˇr˚i`c´e `d`e dg `eṡfi˚t `c´o“n¯sfi˚tˇi˚tˇuffl«e`e ¯p`a˚rffl ˜l´eṡ
`d`eˇr‹n˚iffl „e˚r`eṡ m `c´o˝l´o“n‹n`eṡ `d`e ˜l´affl ”m`a˚tˇr˚i`c´e `d`e df ; `e¨l¨l´eṡ ¯sfi`o“n˚t `d`o“n`c ˜lˇi‹nffl«e`a˚i˚r`e›m`e›n˚t
˚i‹n`dffl«e¯p`e›n`d`a‹n˚t´eṡ, `c´e `qfi˚u˚iffl ”m`o“n˚tˇr`e `qfi˚u`e g `eṡfi˚t ˜b˘i`e›nffl ˚u‹n`e ¯sfi˚u˜b“m`eˇr¯sfi˚i`o“nffl.

2 =⇒ 4 L`eṡ `c´o˝l´o“n‹n`eṡ `d`e ˜l´affl ”m`a˚tˇr˚i`c´e dg(a) ¯sfi`o“n˚t ∂g

∂uj
, j = 1, . . . , n.

P̀a˚rffl ˜l„˛h‹yṗ`o˘t‚hffl „e¯sfi`e, ¯p`a˚r‹m˚iffl `c´eṡ `c´o˝l´o“n‹n`eṡ ˚i˜l ”y `affl m ˜lˇi˜b˘r`eṡ. Q˚u˚i˚tˇt´e „a ¯p`eˇr‹m˚u˚t´eˇrffl
˜l´eṡ `c´oˆo˘r`d`o“n‹nffl«e`eṡ, `o“nffl ¯p`eˇu˚t `a`d‹m`eˇtˇtˇr`e `qfi˚u`e `c´e ¯sfi`o“n˚t `c´e¨l¨l´eṡ `a‹vfle´c j = p+1, . . . , n.
P̀o˘u˚rffl u ∈ Rn `o“nffl ”n`o˘t´e, `c´o“m‹m`e `d`a‹n¯s ˜l´e ˚t‚hffl«e`o˘rffl „e”m`e `d`eṡ ˜f´o“n`cˇtˇi`o“n¯s ˚i‹m¯p˜lˇi`cˇi˚t´eṡ,
u = (x, y) `o „u x ∈ Rp `eˇt y ∈ Rm. O”nffl ¯p`eˇu˚t `a¯p¯p˜lˇi`qfi˚u`eˇrffl `c´e ˚t‚hffl«e`o˘rffl „e”m`e „a ˜l´affl
˜f´o“n`cˇtˇi`o“nffl g `c´a˚rffl dyg(a) `eṡfi˚t ˚i‹n‹vfleˇr¯sfi˚i˜b˝l´e, ¯p`a˚rffl ˜l´e `c‚h`o˘i‹x `d`eṡ `c´oˆo˘r`d`o“n‹nffl«e`eṡ y.
I˜l `e›xˇi¯sfi˚t´e›n˚t `a˜l´o˘r¯s ˚u‹nffl `o˘u‹vfleˇr˚t W ⊂ U , ˚u‹nffl `o˘u‹vfleˇr˚t V ⊂ Rp `eˇt ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl
˜lˇi¯sfi¯sfi`e G : V → Rm ˚t´e¨lṡ `qfi˚u`e W = {(x, G(x)) : x ∈ V }.

4 =⇒ 3 O”nffl ¯p`oşfi`e Ω = V `eˇt h(x) =
(
x, G(x)

). P̀a˚rffl ˜l„˛h‹yṗ`o˘t‚hffl „e¯sfi`e,
h(Ω) = U ∩ M . L`affl ˜f´o“n`cˇtˇi`o“nffl h `eṡfi˚t `c´o“n˚tˇi‹n˚u`e, ¯sfi`o“nffl ˚i‹n‹vfleˇr¯sfi`e `a˚u¯sfi¯sfi˚iffl `c´a˚rffl
`c’`eṡfi˚t ˜l´affl ¯p˚r`oj̧´e´cˇtˇi`o“nffl ¯sfi˚u˚rffl ˜l´eṡ ¯p˚r`e›m˚iffl „e˚r`eṡ p `c´oˆo˘r`d`o“n‹nffl«e`eṡ, `d`o“n`c h `eṡfi˚t ˚u‹nffl
˛h`o“mffl«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e. E”n˜fˇi‹nffl, dh(x) =

(
Ip

dG(x)

)
`eṡfi˚t «e”v˘i`d`e›m‹m`e›n˚t ˚i‹n¯j´e´cˇtˇi‹vfle `d`e

Rp `d`a‹n¯s Rn.
3 =⇒ 1 P̀a˚rffl ˜l„˛h‹yṗ`o˘t‚hffl „e¯sfi`e, ˚i˜l ”y `affl p ˚i‹n`dffl«e¯p`e›n`d`a‹n˚t´eṡ ¯p`a˚r‹m˚iffl ˜l´eṡ ˜lˇi`g›n`eṡ

`d`e ˜l´affl ”m`a˚tˇr˚i`c´e dh(a). E”nffl ¯p`eˇr‹m˚u˚t´a‹n˚t ˜l´eṡ `c´oˆo˘r`d`o“n‹nffl«e`eṡ ¯sfi˚iffl ”nffl«e`c´eṡfi¯sfi`a˚i˚r`e, `o“nffl
¯p`eˇu˚t `a`d‹m`eˇtˇtˇr`e `qfi˚u`e `c´e ¯sfi`o˘i`e›n˚t ˜l´e ¯p˚r`e›m˚iffl „e˚r`eṡ p. S̀o˘i˚t px ˜l´affl ¯p˚r`oj̧´e´cˇtˇi`o“nffl ¯sfi˚u˚rffl
`c´eṡ `c´oˆo˘r`d`o“n‹nffl«e`eṡ. P̀a˚rffl C`o˘r`o˝l¨l´a˚i˚r`e, ˚i˜l `e›xˇi¯sfi˚t´e›n˚t ˚u‹nffl `o˘u‹vfleˇr˚t W `c´o“n˚t´e›n`a‹n˚t
pxa `eˇt ˚u‹nffl `o˘u‹vfleˇr˚t V ⊂ Ω `c´o“n˚t´e›n`a‹n˚t 0 ˚t´e¨lṡ `qfi˚u`e g := pxh : V →W `eṡfi˚t ˚u‹nffl
`d˚i˜f¨f«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e.

O”nffl ¯p`oşfi`e f(x, y) = (x, y − pyh(g−1(x)) ¯sfi˚u˚rffl U1 = U ∩ (W × Rm), `eˇt `o“nffl
”n`o˘t´e V = f(U1). P̀o˘u˚rffl ˚t´o˘u˚t v ∈ V `o“nffl ¯p`oşfi`e x = pxv `eˇt y = v + pyh(g−1(x))
¯p`o˘u˚rffl `o˝b˘t´e›n˚i˚rffl ˚u‹n`e ˜f´o“n`cˇtˇi`o“nffl ˚i‹n‹vfleˇr¯sfi`e. I˜l `eṡfi˚t «e”v˘i`d`e›n˚t `qfi˚u`e f `eˇt f−1 ¯sfi`o“n˚t
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`d`e `c¨l´a¯sfi¯sfi`e C(k), f `eṡfi˚t `a˜l´o˘r¯s ˚u‹nffl `d˚i˜f¨f«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e `d`e U1 ¯sfi˚u˚rffl V .E”n˜fˇi‹nffl, ¯sfi˚iffl
(x, y) ∈ U1∩M , `a˜l´o˘r¯s (x, y) = h(z) `a‹vfle´c z ∈ Ω, `d`o“n`c x = g(z) `eˇt y = pyh(z)
`dffl’`o „u f(x, y) ∈ Rp × {0}.
Exemple 7. 1 T`o˘u˚t `o˘u‹vfleˇr˚t `d`e Rn `eṡfi˚t ˚u‹n`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e, f = Id `d`a‹n¯s
˜l´affl `dffl«e˜fˇi‹n˚i˚tˇi`o“nffl. E”nffl ¯p`a˚r˚tˇi`cˇu˜lˇi`eˇrffl : GLn(R) `d`a‹n¯s Rn2 .

2 M = SLn(R) `d`a‹n¯s Rn2 `eṡfi˚t ˚u‹n`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d`e `d˚i‹m`e›n¯sfi˚i`o“nffl n2−1 :
`d`a‹n¯s ˜l´e T‚hffl«e`o˘rffl „e”m`e (2), ¯p`oşfi`eˇrffl g(A) = det A−1. E”nffl ˚t´o˘u˚t ¯p`o˘i‹n˚t A, ˜l´affl `dffl«e˚r˚i‹v«e`e
¯p`a˚r˚tˇi`e¨l¨l´e ∂g

∂Aij
`eṡfi˚t ˜l´e ”m˚i‹n`eˇu˚rffl `c´o˘r˚r`eṡfi¯p`o“n`d`a‹n˚t `eˇt ˚i˜l `e›nffl `e›xˇi¯sfi˚t´e `a˚uffl ”m`o˘i‹n¯s

˚u‹nffl `d`e ”n`o“nffl-”n˚u˜l.
3 L`affl ¯sfi¯p˛hffl „e˚r`e Sn `eṡfi˚t ˚u‹n`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d`e `d˚i‹m`e›n¯sfi˚i`o“nffl n `d`a‹n¯s Rn+1.

E”nffl (2) `d˚uffl T‚hffl«e`o˘rffl „e”m`e, ¯p`oşfi`eˇrffl g(x) = x1
1 + · · · + x2

n+1 − 1. L`e `gˇr`a`d˚i`e›n˚t
dg(x) = 2x `eṡfi˚t ”n`o“nffl-”n˚u˜l `e›nffl ˚t´o˘u˚t x ∈ Sn.

4 L`e ¯p˚r`oˆd˚u˚i˚t M = M1 ×M2 `d`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e¯s `d`e Rnj `d`e `d˚i‹m`e›nffl-
¯sfi˚i`o“nffl pj , j = 1, 2, `eṡfi˚t ˚u‹n`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d`e Rn1+n2 `d`e `d˚i‹m`e›n¯sfi˚i`o“nffl p1 + p2.
D`a‹n¯s T‚hffl«e`o˘rffl „e”m`e (4), ¯p`oşfi`eˇrffl U = U1 × U2, V = V1 × V2 `eˇt G(x1, x2) =
(G1(x1), G2(x2)). L`e ”mfflê”m`e ¯p`o˘u˚rffl ˚u‹nffl ¯p˚r`oˆd˚u˚i˚t `d`e ˚t´o˘u˚t ”n`o“m˜b˘r`e ˜fˇi‹n˚iffl `d`e ˜f´a`c-
˚t´eˇu˚r¯s.
E”nffl ¯p`a˚r˚tˇi`cˇu˜lˇi`eˇrffl, ˜l´e ˚t´o˘r`e Tn = (S1)n `eṡfi˚t ˚u‹n`e ”vˆa˚r˚iffl«e˚t«e `d`e `d˚i‹m`e›n¯sfi˚i`o“nffl n (`qfi˚u˚iffl
¯p`eˇu˚t ê˚tˇr`e ˚rffl«e`a˜lˇi¯s«e `e›nffl ˚t´a‹n˚t `qfi˚u`e ¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d`e R2n, ”m`a˚i¯s «e”vfle›n˚tˇu`e¨l¨l´e›m`e›n˚t
`d`e Rm `a‹vfle´c m ¯p˜lˇu¯s ¯p`eˇtˇi˚t).

5 On(R) = {A ∈Mn(R) : AAt = I}, `a˜l´o˘r¯s On(R) = F−1(0) `o „u F (A) =
AAt−I. O”nffl `affl F (A+H)+I = (A+H)(A+H)t = AAt+AHt+HAt+HHt `d`o“n`c
dF (A)(H) = AHt +HAt. L’˚i‹m`a`g´e `d`e dF (A) `eṡfi˚t `c´o“n˚t´e›n˚uffl `d`a‹n¯s ˜l„`eṡfi¯p`a`c´e `d`eṡ
”m`a˚tˇr˚i`c´eṡ ¯sfi‹y›mffl«e˚tˇr˚i`qfi˚u`eṡ Symn(R), ”m`a˚i¯s `a˚u¯sfi¯sfi˚iffl ˚t´o˘u˚t´e ”m`a˚tˇr˚i`c´e ¯sfi‹y›mffl«e˚tˇr˚i`qfi˚u`e S

”y `eṡfi˚t `c´o“n˚t´e›n˚u`e `c´a˚rffl `o“nffl ¯p`eˇu˚t ¯p`oşfi`eˇrffl H = 1
2SA. L`affl `d˚i‹m`e›n¯sfi˚i`o“nffl `d`e Symn(R)

`eṡfi˚t n+(n−1)+ · · ·+1 = n(n + 1)
2 , `eˇt ¯s’`eṡfi˚t ˜l´e ˚r`a‹n`g `d`e dF (A) ¯p`o˘u˚rffl ˚t´o˘u˚t´e A

`o˘r˚t‚h`oˆg´o“n`a˜l´e. S̀o˘i˚t P ˜l´affl ¯p˚r`oj̧´e´cˇtˇi`o“nffl `d`e Mn(R) ¯sfi˚u˚rffl Symn(R) (`qfi˚u˚iffl ”n`e `g´a˚r`d`e
`qfi˚u`e ˜l´eṡ `c´oˆo˘r`d`o“n‹nffl«e`eṡ ¯sfi˚u˚rffl ˜l´affl `d˚i`a`g´o“n`a˜l´e `eˇt `d`eṡfi¯sfi˚u¯s), `a˜l´o˘r¯s P ◦ F `eṡfi˚t ˚u‹n`e
¯sfi˚u˜b“m`eˇr¯sfi˚i`o“nffl. L`affl `d˚i‹m`e›n¯sfi˚i`o“nffl `d`e On(R) `eṡfi˚t `d`o“n`c n2− n(n + 1)

2 = n(n− 1)
2 .

„A ”n`o˘t´eˇrffl, ˜l´affl `d˚i‹m`e›n¯sfi˚i`o“nffl `d`e SOn(R) = On(R) ∩ det−1(]0, +∞[) `eṡfi˚t ˜l´affl
”mfflê”m`e.

6 L`e `c´o“n`e M = {(x, y, z) ∈ R3 : x2 +y2−z2 = 0, z > 0} ”nffl’`eṡfi˚t ¯p`a¯s ˚u‹n`e
¯sfi`o˘u¯s-”vˆa˚r˚iffl«e˚t«e `d`e R3. S̊u¯p¯p`oşfi`o“n¯s, `e›nffl ”v˘u`e `dffl’˚u‹n`e `c´o“n˚tˇr`a`d˚i`cˇtˇi`o“nffl, `qfi˚uffl’˚i˜l ˜l„`eṡfi˚t,
`a˜l´o˘r¯s ¯p`a˚rffl (3) `d˚uffl T‚hffl«e`o˘rffl „e”m`e ˚i˜l `e›xˇi¯sfi˚t´e ˚u‹nffl `o˘u‹vfleˇr˚t U `c´o“n˚t´e›n`a‹n˚t 0 ∈M , ˚u‹nffl
`o˘u‹vfleˇr˚t Ω ⊂ R2 `c´o“n˚t´e›n`a‹n˚t 0 (`e›nffl `c´o“n¯sfi˚i`dffl«e˚r`a‹n˚t ˜l´eṡ `a˚u˚tˇr`eṡ ¯p`o˘i‹n˚tṡ `d`e M `o“nffl
`o˝b˘tˇi`e›n˚t ”nffl«e`c´eṡfi¯sfi`a˚i˚r`e›m`e›n˚t p = 2) `eˇt ˚u‹n`e ˚i‹m‹m`eˇr¯sfi˚i`o“nffl h : Ω → R3 ˚rffl«e`a˜lˇi¯sfi`a‹n˚t
˚u‹nffl ˛h`o“mffl«e`o“m`o˘r¯p˛h˚i¯sfi‹m`e `e›n˚tˇr`e Ω `eˇt U ∩M . E”nffl ¯p`a˚r˚tˇi`cˇu˜lˇi`eˇrffl, ˜l´affl ˜f´o“n`cˇtˇi`o“nffl
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f : t 7→ h(t, 0), `dffl«e˜fˇi‹n˚i`e `d`a‹n¯s ˚u‹nffl ˚i‹n˚t´eˇr‹vˆa˜l¨l´e `a˚u˚t´o˘u˚rffl `d`e 0, `eṡfi˚t `dffl«e˚r˚i‹vˆa˜b˝l´e, `d`e
`dffl«e˚r˚i‹v«e`e ”n`o“nffl-”n˚u˜l¨l´e `c´a˚rffl df(0) = dh(0, 0)

(
1
0

)
`eˇt dh(0, 0) `eṡfi˚t ˚i‹n¯j´e´cˇtˇi‹vfle. O”nffl

`affl `d`o“n`c f(t) ∼ f ′(0)t, t → 0 `eˇt ‖f(t)‖ ∼ C|t| `a‹vfle´c C = ‖f ′(0)‖ 6= 0. A˚uffl
”mfflê”m`e ˚t´e›m¯p¯s, f3(t) `a˚tˇt´eˇi‹n˚t ¯sfi`o“nffl ”m˚i‹n˚i‹m˚u‹mffl `g¨l´o˝bˆa˜l `e›nffl 0, `d`o“n`c f ′3(0) = 0 `eˇt
f3(t) = o(t), t → 0. L`eṡ ”vˆa˜l´eˇu˚r¯s `d`e f «e˚t´a‹n˚t `d`a‹n¯s M , `o“nffl `d`o˘i˚t ¯p`o˘u˚r˚t´a‹n˚t
`a‹vˆo˘i˚rffl f3(t)2 = f1(t)2+f2(t)2 `c´e `qfi˚u˚iffl ˚i‹m¯p˜lˇi`qfi˚u`e ‖f(t)‖2 = o(t2), `c´o“n˚tˇr`a`d˚i`cˇtˇi`o“nffl
`a‹vfle´c ˜l„«e`qfi˚u˚i‹vˆa˜l´e›n`c´e ‖f(t)‖ ∼ C|t|, C 6= 0, `o˝b˘t´e›n˚u`e `a‹vˆa‹n˚t.
Remarque 8. L’`eṡfi¯p`a`c´e ˚t´a‹n`g´e›n˚t „a M `e›nffl a `eṡfi˚t dh(a)(Rp) `o „u h `eṡfi˚t ˜l´affl
˜f´o“n`cˇtˇi`o“nffl ¯p`a˚r`a‹mffl«e˚tˇr˚i¯sfi`a‹n˚t´e `d˚uffl (3) `d˚uffl T‚hffl«e`o˘rffl „e”m`e. M`a˚i¯s ¯sfi`affl `d˚i¯sfi`cˇu¯sfi¯sfi˚i`o“nffl ”n`e
˜f´eˇr`affl ¯p`a¯s ¯p`a˚r˚tˇi`e `d`e `c´e `c´o˘u˚r¯s.
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