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1 Théoreme des fonctions implicites

gwr\/]'xae s 22 +y? = R? e&tﬁeﬁru/rxpxsd’wneg,@/rmhomy:h(x) Al
y#£0, z=h(y) MT\O“T\;&T\PJTT\WL(}M?Z/:%(I2+y27R2).

g)u/rvr\oﬁmquen:p+m’awecp,m21,etm&to¢wdanw9amuteb
Mdm R pan (z,y), ou = (21,..., z,) €RP ek y = (y1,..., Ym) €

Théoréme 1 (des fonctions implicites). it W Cc R" un ouvend, el asil

F:W%Rmm%@/n‘a&mc{emc(k) k>1. ,SOWAMAWG_
(arya) € W eat Lel que F(a) =0 ef dyF(a) = (gif(a)) eal imenailble
MMm(R).J@MJMQmMUCWWMa,MM
VCRpco%tmlaﬂfoaefW%@maﬁé@ﬂ G:V = R" de classe CF Lol
que UNF~1(0) = {(2,G(x)) 1z € V}.

Démonstration. Notemns M = F~40 Ofn /r\nmdma /[\an necwUlemce em

m.

o?mtm—l ek alows F: W =R, @mﬁﬁjmwotpx&ae (Ta,Ya) 0 ; om

chwt&a[ueaF >owwbewlOmMW
lewmtﬂmwe%xleu%thMwmt@namtxaek
I = [yo—¢,yate] avec e > 0. @D&unwxGVl,Qa@yncbﬁmFx:y'—)F(x,y)

esk alorws abnictement crotssambe aun T
@mQW@e F(za,yq) =0, dlorw F(2q,Ya+e) >0 ek Fzg,ya—¢) <

0.@3ano®mhnuutg(mﬁebdno¢@y:ya+€ety:ya76>ML/’r\aut
breuwsert um suvernt V. 13 L&L]JuuaF(x,ya+s)>O&F(x,ya—5)<O
xEVanoou;teyeItquue xy—O(eofm/meF esk abnictemenk
Ummn&ecd’kewa&aihebtmw Ommotecey/r\anG mo@t&r\a/r\t
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me[%eﬁmm amoteﬂque )ma&t/r\abp,umedab@@imm

Om/r\oﬁeU—VXI.@MmebmoUom,MﬁU:{(:L',G(x))::EGV}.
o?uqvpmmmmkqusm>letﬂetpxgmémawm%ixw
dem«m%@mmém@mQ’WdetdF #O,aﬂo’w

é’ym @) 70 poun

umwd:amxz G/n/r\aiadm\dbwquez—m.

@mbmmm@@mhqm&m&h@m ?Lb—xy)ER”
on mekena = (y1,..., Ym— 1)db—xy

£a[%e¢d§im W%RW%W@M&WW
Qembm:l,do/ncxﬁmtemwver&Ulmt@T\M\ta un susert
V1CR"’1wntemm¢&&wne{)Teq\Lbiomh:%—)Rt@Qﬂea[ueUlﬂFgl(O):
{(Jf,g,h(l’,g)) : (mvg) € Vl}

Notons b (z,9) = Fi(z, g, h(z, 7)) =1,..., m, (z,7) € V1. T

comsbruckion, sm a @, O(Qriad.@@lmxt %@/r\ﬁb@d\@ Vi — R™.

Foun 1<j<m—1et 1<i<m, en tbouk uewn
b, (%g):@Fi
0y; 0y;

Omwnamwwquem(,y) aﬁerw(,y,h( 7)) =a. G om mote

—d—ﬁ@w&md@d@m@n&q@md@mﬂd@mm

0y; 0y;
1=1,..., m, oM o

OF; - .\ Oh -
x, 7, h(zx, —(x, ).
aym( g, h(z,9)) ayj( 9)

(.13, g) h(l‘, g))

OB _OF L Oh L OF

ayj( a) = ayj( )+afyj(&) aym(a),

g;()gtwntmx&mﬁmnegmm}ediauw(y()) ji=1,..., m, sonk les

dessus mjr\ﬂxqwnt que err\}ect@ww (g;;(a)),j: ..... m—1, ek 8—F(a)

W&em@mw%&&(&@%m),m ((gz(d)),

jzl,...,mflwrrmaiwmmt%m.
%té;vl%Rm*lQa@@m eduites (z,9) = (D1(2,9), - - Pr1 (2, 7))

o
c}bnwrvr\eﬂm 3, =0, alow gyj:<6yj> qoun Louk j, ce(:}ULm\/r\[)).qm
qud@pyndwnaedmmay]() ..... m—l;Qarmablicedy(i)(é)
esk dome imuerailble.
@mQ,We&W(m%mm—ﬂ,iﬁmt&
des suwverds Vo c V3 c R, V C RP combemank @ e 2, ne(vpeot'vwmmt,
etmgm;um G:V =R kel que Van®1(0) = {(x,G(2)) v € V}.



OmW@xmaﬂme:(VQxR)mUlaa(x):(é(xm(x,é(x)).
‘Gette[)jmmmmtﬂmdggymM(x,é(x))evgcvl,etcemm
e&thdmnwded&@mqudeh Oma@«}idammwm,tF(xG( =0. De
Qaubmwtgm(my)EUekny—OaP@dbm/r\m&wF =0.
Comme U c U1, on a ym = hiz,§). Enauite F(z,y) = F(x,7, ( ))

().

®(z,7), deme ®(z,7) = 0. Comme (z,7) € Vo, om a ~7:@ On M
o£awmbunu¢eekﬁad@uwa@«&kedeGWad/mM
omwwﬂa&mwm/m%mmuagmmmm

F(z, ())—OAQ/T\AVWV[\@LA}WDIUEWMZ,]
OF;

i " 8Fz 6Gl
o, (z,G(2)) + ZZ:; o0 (x,G(x))aTj(a?%
o, eMm Pymrrne rmabuo'ueﬂﬂe,

—d,F(z,G(2)) = d,F(z,G(z))dG(z),

0=

d’su
dG(z) = —(dyF(x, G(x))>_1de(x, G(x)).
S 2 =24 on a (2,G(x) =a et alow
dG(x,) = —(dyF(a)) " d,F(a).
d est dome possille de coloulen la difffenenbielle de G em a sams commaibne
la forncbion G elllemzme.
Exemple 2. £gquahs/nu—2ux+uscy—2—0d@[)fm¢ @M@m

um/r\ﬁxmte (xy)dambumm«mmaﬁeds (1,1) anvec u(1, 1)—2cana (u?
2ulr + ury — 2) = 3u® — duzr + 2y vauk 5 # 0 en (1,1,2). £e{>d@wv«e{>

pantielles de cette fonction st

du oF ~19F 1 6
81;(1 1) = (a(l,lﬂ)) %(L 1,2) = *g(*QUz +uy)l1,2) = R
du OF 19F 1 2
a0 ="(5,012) 5 112 =~ @)laaz = .

O ent dome acrine sa. forvme aqquiochee, gon b formule de Canglor

2

u(e,y) =2+ £ = 1) = 2y =1 +ofll(e — Ly~ D).

Corollaire 3. % U ¢ R* un ouvenl el f: U — R" wne %omot(m de
cﬂaMeC(kfeMeL}uedf eal imvenaille. U exiote alons un owvent
W C U contenmant a el un suwverd V- conbenant f(a) te&?uef W=V

@Afumd%mmﬂmnedec&wxw(}'(k).
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Démonstration. Tsun y,x € R avec © € U MWW F(y,z) =
y—f(z), de R* x U C R?" doms R™. OmadF(ya) ~df(a) quel que soit
y(eektewnabupee&tumwm&geetﬁ’ —Oaﬂofwmﬂetp\mm
A@B&TWMWLT\Q&UMAQWWMU1CRnXUWW¢
(f(a),a), um suvenk V C R" combemamk f(a) dume[%@ﬁrmhme V - R"

de clanse C® elle que Uy 0 F1(0) = {(1.G(v) : v € V}. On qose
W =G(V). ’
Joun fout y € V on a done F(y,G(y)) = 0, cesbadine y = £(G(y)).

MWW,ALI—G()EW aQowa(y,x):O, d.lﬁkly:f(l') ek
x:G(f(x))&aBmcﬁomGa&tdeimwmedsfekdchaxmeC(k),

ceqmtefmnmﬂa/rmawe O

2 Sous-variétés de R"
égmgmmbdbd&@mmmdec&temmmt[il].@mﬂa

defjimition et dams le theoeme il fauk comprendre «diffeomenphismes
ef dinser dams le sems «de dlasse €M, ou k (qui peut ebne imflimi)
ts«%owwd'ume «W-W&gkmc(k)»mwﬁekmw.

Définition 4. %fme/r\anb.e M C R" esk ume sous-vaniete de dimension p
&R”ALWM@EMLQMA@WQ@@MU&@&V

&OJW&L@%&M&W\RWJC:U%Vl:e(),boruef(UﬂM):Vﬂ(Rpx{O}).

QM&WW'MW%T&LAWMQ@W&R",W
%W&%WMIWW-M&&%«M\U&W&
Exemple 5. G M = {(x,y) €eR? : 2?2 +y? =1}, sun U = {(z,y) : y > 0}

mW/(\mmfmy (z,22 + 12 —1). On obbient V = {(2,2) € R?

2>z fl}oequew@)\[%wMWm/’nﬁe d,&@NmAAam.tQa@@mLhmx

mserwe [T (xz) (x,Vz+1—22). @@UVfﬂ)aQemt/pouny>0 peun

Théoréme 6. fMMWW&R”o%@ Wd@mmtww
f.M@AfWAM-Uam@f«dedtmmpdeR";

Q‘QJMIMaGMJmImMUwMMa@fW

on g:U — R"P (c.ad.ﬁe/wmgdedg(u)e&fn—p//w

MUEU/%WUQMZQ_l(O)/'

3. gJMMaEMJWQWMUWWa,mW
QCRpco%taname@fumeaf/p&caaynh:Q%R"L}w;eAfaﬂl



%moym/mau\wm/cad dh(x eafmyec&wWMzéQ)dwn
MMW&QMUOM

4. @MWaGMJWQmMUWwM&,mW
VCRpw%tana/nf(al,...7ap)@fmwaf1ﬁﬂlcabMﬁWG:V—>

R™—P te&gue, W&mel&w@wmw, Uun
MM«ga/augﬁafﬂAiedeG.
Démonstration. On mote m =n — p.
@:@@maeMAM\tU,V,fdsm@/rm<)Om8amie
Vouvent U et om pose gu) = (S (u),.... f(u)) € R™ pown u e U.
Wg(u)zOALuGUOM.@WWﬂM,Mg()—O
alorw f(u) € Vi (RP x {0}), dome ill eiste v € UNM tel que f(u) =
f(v)@mﬁ'w&efﬂmdk%@WMMu:v,etm
cefr\c&ito[wagl) UNnM. é@amblwededge&kwqwhme/rmgeo
dﬁmemmmﬂ(ynmebdz[zafmabucedsdf &Q&bmﬁdmc&m«aﬂxeﬂnemt

@ @é@wc&e«mdegawnmdg()wﬂ%,jzl ..... n.

@DMQWW Mmmw@omnm&%am% Q;wﬂiea/r\e)'unm
Q@w@w&m@e&mr&uﬁadnnguhe cerfntheramec]—p—l—l ..... n.

@mueR"mm&mdwertﬂngA@Wth@
u—(my)ouxeRpetyeRm On a/rvr\&o[um Hesneme o la

g cane dyg(a eatmvu@’wxﬂp,e/]mn&esp\e«md@mddodm@y
UQMaQ@fmeWCUumW&VCRP&m@mm
lisse G:V —R™ Lels que W = {(z,G(x)) : :EGV}

@ @Om/r\me(l—v&h = gbanlszwetpx@e
h(Q) = UNM. éﬁa@mmh@tmhm AGM IMsense aubbl can
cmkﬁanmQ@mew@ﬂmmm,dmmhmtm
homeomonphisme. Enfim, dh(@:(déf(fx))emmdmmwdg
RP dams R™.

(3) = (2) Bon Uhogpothine, Ly . p independantes e os lignes
de o mabrice dh(a) 8m/rmx¢amtﬁebc®o’1dewebmm«mmm
Wudxmel‘l‘ﬂequecem%[ﬂe@wmp ge«tpTQa/’r\nDa,echmML

pxafiwnMVCtheJmmtOtegbqnﬁg::p$h:V—>Weatum

Om/rmaf(ac y) = (z,y — pyh(g~(x)) aun Uy = UN (W x R™), ek om
mele V = f(Uy). @o&mboutve‘/m/r\mx:pmvatyzv-i-pyh(g_l(x))
W&@WWWW‘DQM«MWfﬁfAW
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deoQaAAeC(k),fwtaQoMmdi%thdeeUlmvgngkm,M
(%y) e UynM, alons (z,y) = h(z) avec z € Q, dome z = g(2) ek y = pyh(z)
d'ou f(z,y) € RP x {0}. O

Exemple 7. @ Couk sunvent de R™ est wne sousvaniete, f=1Id dams

Ead@%umbom gm/[\ahhw&m : GL,(R) dams R
@M:SLn(R)damanmtmmm-mmtgdedimmioan—l:
dmmﬂe%)p\mm( ) th A) =det A-1. gnt&uk/’rmtA lo. derinee

/[\anbia[)ﬂe 8A” mtﬁemmnwnwmdwntd&mmtewmm
(3) Ba sphine 57 cot ume sousvaniste de dimension n dams R
En (Q) du Cheoreme, esen gz) = af + -+ 22,4 — 1. Le 8f\admmt
dg(a:)zQzeAtmmmuthoutxeS".
(&) e qooduk M = My x My de sous-varickes de R™ de dimen-
sien pj, j=1,2, esk ume scusvaniete de Rz de dimemaion p; + po.
Dams Cheoneme (4), posen U = U1 x Uy, V.= Vi x Vo b Gla1,22) =

(Gl(osl ), Ga(x2)) £emfém/rMLm1modu¢det®uth\Qme8mude@aﬁ

/{\Q)’JA&‘ALQAEJ’&Q&MT"— e&tumemmnmt«dedmnmmgmn(qux
WWW%WWWW@AER%,WsMMM
dﬁmeecm/[\PuA/r\et&).

On(R) = {A € M,(R) : AA! = I}, alors O, (R) = F~1(0) su F(A) =
AA =T . On o F(A+H)+I = (A+H)(A+H)t = AA'+ AH'+ HA'+ HH* donc
dF(A)(H) = AH'+ HA'. &image de dF(A) est comferu dams Leapace des
mmabrices A/Hm«bquab Sym,(R), mais aussi feube maknice A/\dmmb'qu S
nja&kwmmnmw/r\emH—lsA £adimmAiomdeSymn(R)
(n +1)

esk n+(n—1)+-+1= Ekbe&erhwngdedF ) poun koute A

y&ﬁoﬁmaﬂe?mtppa/r\ne&echem (R)MLSymn()(quxrr\EQm‘Lde

WR@WM«@MQ@M@M{&@&M),MPOF@&W

submersion. P dimension de On(R) esk dome n? — n(n;— D = n(n2— 1).

& moten, la dimemsion de SO, (R) = On(R) N det™(]0, +oo|) eak la

me.

@gemeM:{(J;,y,z)6R3:x2+y2—22:0,z>0} m’a&t/(\abmxe
Acubvaniee de R3. g)w[vr\o{xem, em sue dume combradiction, q.u.'AQ Q’eat,
J@MW(S)@C&R@QémLQMmMUwMOEM,m
MQCRQWWO<MW«WR%WW&MM
MMMMsz)JW' h:Q = R nedlisant

mRqupPummmwa&UﬂM%mW&m,Qa@em




it h(t,0), deimie doms un interallle autown de 0, esk deninoall, de
A&mm«emmupﬂemndf )dh(OO)() ek dh(0,0) e&tm%zctm}e Om

a dome f(t) ~ f()t t— 0 eb [[F(t)] ~ Clt] avec € = |f(0)] # 0. bu
mﬁmte/mfr\,o]% Mmmmmmgﬂo@a&m@,dmcfé(O):Oat

f3(t) = o(t), t — 0. Pes valewws de f etamk dams M, mdmt/r\ountwnt
amem,fg,(t)szl( 24 fo(t) oewm\/r&«quenf )12 = o(t?), combradickion
ansec Q@ciuuoalzemoe lf @) ~ Clt|, C #0, sbtemue ansamt.

Remarque 8. £ewr\uce J:a/w%emt a M en a est dh(a)(RP) su b est Lo
E@/ncblom /I\wm/mglhmamfe du (3) du Cheoreme. Joais sa discussion me
Be‘ul ab /r\anlje de ce couns.
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